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1 Recap Episode

1.1 New lore: examples of von Neumann algebras

From 1936 to 1943, Fred Murray and von Neumann published 4 papers titled “On Rings
of Operators” I-IV. They treated the question: Are there other von Neumann factors M
than B(¢2(I))?

Why look at factors? Recall that since Z(M) is abelian, Z(M) = L*°(X) as abelian
algebras for some X. If Z(M) # C, and |X| is finite, then M = @' | M;, where the M;
are factors.

Proposition 1.1. If M is a finite dimensional C*-algebra, then M = @le My, xn;(C).

In general, the idea is we should have some kind of decomposition M = [ M, du(z).
Theorem 1.1 (Murray-von sNeumann, 1936). If M is a factor, then either

1. It is type I, (so M = M, (C)).

2. It is type I, (so M = B({*(N))).

3. It is 11} but not type I finite (so it is infinite-dimensional).

4. It is type 11 (so it is semifinite)

5. It is type II1 (so it has no finite projections).

This coincided with the beginnings of ergodic theory:

Theorem 1.2 (von Neumann ergodic theorem, 1932). Let I' be a group, and let T" O X be
a measure-preserving ergodic action . Then
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Many examples of 11} factors come from these considerations of ergodic theory.



1.2 Group von Neumann algebras

Last time, we talked about group von Neumann algebras.!

Let T" be a group, and let L(I') := span /\(F)Wk = AI)" C B(¢%(T")) be the group von
Neumann algebra. We saw that L(I') has a trace, which implies that L(I") is finite. If I is
infinite, then L(T") is infinite dimensional. So to get I1; factors, we only need a bit more.
We continued this consideration by showing the following:

Theorem 1.3. L(T") is a I1; factor if and only if T' is ICC.
Example 1.1. S, the finite permutations of N is ICC.
Example 1.2. F,,, the free group on n generators (with n > 2), is ICC.

Our proof for this theorem used intuition from Fourier analysis, which we can view as
the study of L(Z). For ¢ € ¢2(T'), we considered Lg¢ : £2(T') — ¢3(T') by L¢(n) = & - n and
saw that || Lel| (2 ooy < [I€]l2. So (Lg, D(Lg)) is a closed graph operator densely defined
on (2(T). Soif z € Z, then z(&) = Y ¢g&y. If upzuy-1 = 2 for all h, s0 ¢g = ¢jgp-1 for all
g, h. So z is a multiple of the identity.

T don’t know why this lecture is recap. But now have enough budget for the rest of the season!
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